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HOMOMORPHISMS BETWEEN STANDARD MODULES OVER 
FINITE TYPE KLR ALGEBRAS 


ALEXANDER S. KLESHCHEV AND DAVID J. STEINBERG 

Abstract. Khovanov-Lauda-Rouquier algebras of finite Lie type come with 
families of standard modules, which under the Khovanov-Landa-Rouquier cate- 
gorification correspond to PBW-bases of the positive part of the corresponding 
qnantized enveloping algebra. We show that there are no non-zero homomor- 
phisms between distinct standard modules and all non-zero endomorphisms of 
a standard module are injective. We obtain applications to the extensions be¬ 
tween standard modules and modular representation theory of KLR algebras. 


1. Introduction 

Khovanov-Lauda-Rouquier algebras of finite Lie type possess affine quasi- 
hereditary structures [BKMiMlKLMlilOLllKXlll^^ . In particular, they 
come with important families of modules which are called standard. Under the 
Khovanov-Lauda-Rouquier categorification [KLlIlR]. standard modules corre¬ 
spond to PBW-monomials in the positive part of the corresponding quantized 
enveloping algebra, see [BKMilKaj . 

Affine quasihereditary structures are parametrized by convex orders on the sets 
of positive roots of the corresponding root systems. In this paper we work with 
an arbitrary convex order and an arbitrary finite Lie type. When working with 
the KLR algebra Ha for any a G Q+, the standard modules A (A) are labeled 
by A G KP(q;), where KP(a) is the set of Kostant partitions of a. With these 
conventions, our main result is as follows: 

Theorem A. Let a G Q~^ and A, /r G KP(a). If yt, then 

HomH,(A(A), A(/r)) = 0. 

When A ^ /U, it is clear that Hom/f^(A(A), A(^)) = 0, but for A < //, we found 
this fact surprising. Theorem A is proved in Section [3l 

The case A = /x is also well-understood. In fact, the endomorphism algebras of 
the standard modules are naturally isomorphic to certain algebras of symmetric 
functions, see Theorem 12.171 Now, Theorem A can be complemented by the 
following (folklore) observation and compared to the main result of [BCGMj : 

Theorem B. Let a G and A G KP(a). Then every non-zero Ha-endomorphism 
o/A(A) is injective. 

For reader’s convenience, we prove Theorem B in Section [2.31 
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Theorem A turns out to have some applications to modular representation 
theory of KLR algebras, which are pursued in Section [H Note that KLR algebras 
are defined over an arbitrary ground ring k, and when we wish to emphasize 
this fact, we use the notation Ha^k- Using the p-modular system {F, R, K) with 
F = TLlyTL^ R = Zp and K = Qp, we can reduce modulo p any irreducible Ha^x- 
module. An important problem is to determine when these reductions remain 
irreducible, see [KlRUWj . This problem can be reduced to homological questions 
involving standard modules. 

In Section 01 we show that standard modules have universal R-forms A(A)ij 
such that A(A)ij (8 >_r k = A(A)fc for any field k. Then an application of the 
Universal Coefficient Theorem and Theorem A yields: 

Theorem C. Let a € Q~^ and A,// G KP(a). Then the R-module 

Mh)R) 

is torsion-free. Moreover, 

dim, Ext}^^^^(A(A)F, A(^)i7) = dim^ Ext];^^_^(A(A)x, A(//)x) 
if and only i/Ext|^^ ^(A(A)j?, A(/r)fl) is torsion-free. 

As a final application, using a universal extension procedure, we construct 
R-forms Q{X)r of the projective indecomposable modules P{X)k, and prove: 

Theorem D. Let a G . Then reductions modulo p of all irreducible Ha,K- 
modules are irreducible if and only if one of the following equivalent conditions 
holds: 

(i) Q{X)ji iX>i? F is a projective Ha^p-module for all X G KP(a); 

(ii) Ext]:^^^^(Q(A)i? 0rF,A{p)f) = 0 for all A,/x G KP(q:); 

(iii) ^{Q{X)r, A{ia)R) is torsion-free for all X,/j€ KP(a). 

2. Preliminaries 

2.1. KLR algebras. We follow closely the set up of [BKM] . In particular, R is 
an irreducible root system with simple roots {oj | i G /} and the corresponding 
set of positive roots R"*". Denote by Q the root lattice and by Q~^ C Q the set 
of Z>o-linear combinations of simple roots, and write ht(Q:) = ^ ~ 

^ Q^- The standard symmetric bilinear form Q X Q ^ Z, {a, (3) i—>■ a-(3 
is normalized so that di := (oj • ai)f2 is equal to 1 for the short simple roots a*. 
We also set d^ := (/3 • f3)/2 for all ft G R"*". The Cartan matrix is C = {cijJij^j 
with Cij := (ui ■ aj)fdi. 

Fix a commutative unital ring k and an element a G Q~^ of height n. The 
symmetric group Sn with simple transpositions Sr ■= (rr + 1) acts on the set 
I°‘ = {i = ii ■■■ in & I"" \ ^ij — “} by place permutations. Choose signs 

€ij for all i,j (z I with Cij < 0 so that = — 1. With this data, Khovanov- 

Lauda |KLl[|KL2j and Rouquier [R] define the graded fe-algebra Ha with unit 
Iq, called the KLR algebra, given by generators 

{U I i G /“}U{xi,...,x„}U{Ti,...,r„_i} 
subject only to the following relations 
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XfXg - XgXy-j 


• lilj — li And. li — Iq; 

• X'p\j^ — 1 ^X 7 * And 

( 0 

• T^U= < £ir,ir+i{xr ‘"‘’-’*’-+1 - X ^+1 "" v + n *.-)!. 

(li 

• r^Ts = TgTr if |r — s| > 1; 

• (Pr+lTrTr+1 T~rT~r+lT~r')^i — 


if ir — ir+1 ? 
if Ci^,ir+l < 0: 
otherwise; 


E 


^Xr 


)’^r+l 


X^X 


r+2 


li 


r+s=—1—c 


•ir,*r+l 


if Cir,ir+1 < 0 ir 

otherwise. 


ir+2i 


The KLR algebra is graded with deglj = 0, deg(x,.lj) = 2di^ and deg(T,.lj) = 
Clir ' £^ir + l • 

For each element re G S'^, fix a reduced expression w = which deter¬ 
mines an element Tw = G Ha ■ 


Theorem 2.1. (Basis Theorem) [KLli Theorem 2.5] The sets 

and {x“i • • • x“"r^„li}, (2.2) 

with w running over Sn, flr running over Z>o, and i running over are k-bases 
for Ha¬ 


lt follows that Ha is Noetherian if k is Noetherian. It also follows that for any 
1 < r < n, the subalgebra k[xr] C Ha, generated by Xr, is isomorphic to the 
polynomial algebra k[x] —this fact will be often used without further comment. 
Moreover, for each i G the subalgebra V{i) C l^Rali generated by {x^lj | 
1 < r < n} is isomorphic to a polynomial algebra in n variables. By defining 
V := 0jg/a 'P{'>'): we obtain a linear action of Sn on V given by 




- 1 


for any w G Sn, i G /" and oi,..., a„, G Z>o. Setting A(a) := we have: 


Theorem 2.3. |KL1[ Theorem 2.9] A(a) is the center of Ha¬ 


ll H is a. Noetherian graded A:-algebra, we denote by FI-mod the category of 
finitely generated graded left Fl-modules. The morphisms in this category are 
all homogeneous degree zero H-homomorphisms, which we denote hom//(—, —). 
For V G H-mod, let denote its grading shift by d, so if Vm is the degree m 
component of V, then {q'^V)m = Vm-d- More generally, for a Laurent polynomial 
a = a{q) = with non-negative coefficients, we set aV := 

For [/, 1/ G H-mod, we set lTom.H{U,V) := Hom//(t/, B)^, where 

YloTHH{U,V)d ■-= liouiH{q'^U,V) = \iOTHH{U,q-’^V)- 

We define ext^(f7, R) and Ext^(C/, B) similarly. Since U is finitely generated, 
Ylom.H{U,V) can be identified in the obvious way with the set of all H-module 
homomorphisms ignoring the gradings. A similar result holds for Ext^(I7, E), 
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since U has a resolution by finitely generated projective modules. We use = to 
denote an isomorphism in H-mod and ~ an isomorphism up to a degree shift. 

We always work in the category Ha-mod, in particular all f^Q-modules are 
assumed to be finitely generated graded. Also, until Section HI we assume that 
A: is a field. Let g be a variable, and Z((q)) be the ring of Laurent series. The 
quantum integers [re] = {q'^ — q~"')/{q — q~^) and expressions like 1/(1 — 
are always interpreted as elements of Z((g)). Note that the graded dimension 
dimq liHa is always an element of Z((g)). So for any V E Ha-mod, its formal 
character chg V := X]iG/“(dhTLq ^iV) • i is an element of ©jg/o '^{{q)) • i- Note 
also that chg {q^V) = q^chq {V), where the first q'^ means the degree shift as 
introduced in the previous paragraph. We refer to lil^ as the i-weight space of 
V and to its vectors as vectors of weight i. 

There is an anti-automorphism l : Ha —>■ Ha which fixes all the generators. 
Given V E Ha-mod, we denote 1^® := Homfc(F, k) viewed as a left LAa-module via 
L. Note that in general is not finitely generated as an LAa-module, but we will 
apply ® only to finite dimensional modules. In that case, we have chq V® = chg V, 
where the bar means the bar-involution, i.e. the automorphism of Z[g, that 
swaps q and q~^ extended to ©jg/a Z[g, q~^ ■ i. 

Let fdi,..., Pm E Q® and a = PiPm- Consider the set of concatenations 

;= I g ^ ja 

There is a natural (non-unital) algebra embedding Hp^ 0 • • • ( 8 * Hg^ —>■ Ha, which 
sends the unit l^j ( 8 ) • • • (8 1 ^^ to the idempotent 

We have an exact induction functor 

Ind^i,...,/?^ = Halgu:;hm “ : (Hg, < 8 ) • • • ® H^J-mod Ha-mod. 

For Vi E Hpj^-mod,..., Vm E Ll^^-mod, we denote 

Vio...oVm:= Ind^^^p^Vi K K 

2.2. Standard modules. The KLR algebras Ha are known to be affine quasi- 
hereditary in the sense of ra , see [KallBKMilKlLj . Central to this theory is 
the notion of standard modules, whose definition depends on a choice of a certain 
partial order. We first fix a convex order on R®, i.e. a total order such that 
whenever 7 , P, and 7 -|- /3 all belong to R®, 7 < /3 implies 'j < 'j + P < P. A 
Kostant partition of a E Q® is a tuple A = (Ai,..., A^) of positive roots with 
Ai > A 2 > • • • > Ar such that Ai A^ = a. Let KP(a) denote the set 

of all Kostant partitions of a and for A as above define X'm = Xr-m+i- Now, 
we have a bilexicographical partial order on KP(a), also denoted by <, i.e. if 
A = (Ai,..., Xr), fi = {fJ-i,..., Us) € KP(a) then A < /i if and only if the following 
two conditions are satisfied: 

• Ai = Hi,..., A;_i = Hi-i and A; < Hi for some 1; 

• A'l = ^' 1 ,..., A („_1 = n'm-i and X'm > Hm for some rre. 

To every A E KP(a), McNamara [M] (cf. [KIRI Theorem 7.2]) associates 
an absolutely irreducible finite dimensional ®-self-dual Ro-module L{X) so that 
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{-L(A) I A € KP(a)} is a complete irredundant set of irreducible ffc-modules, up 
to isomorphism and degree shift. Since L{X) is ®-self-dual, its formal character 
is bar-invariant. The key special case is where A = (a) for a € i?"*", in which case 
L(A) = L(a) is called a cuspidal irreducible module. For m G Z>o, we write (a™) 
for the Kostant partition (a,... , a) G KP(ma), where a appears m times. The 
cuspidal modules have the following nice property: 

Lemma 2.5. |M[ Lemma 3.4] (cf. [kTrI Lemma 6.6]). For any a G and 

m G Z>o, we have L{a^) ~ L{a)°^. 

If A = (Ai,..., Xr) G KP(a) the reduced standard module is defined to be 

A(A) :=(7 ^(^)l(Ai)o...oL(A^) (2.6) 

for a specific degree shift s(A), whose description will not be important. By |M1 
Theorem 3.1] (cf. [KlRl 7.2, 7.4]), the LTa-module A(A) has simple head L(A), 
and in the Grothendieck group of finite dimensional graded Ro-modules, we have 

|A(A)| = |L(A)] + d^AUp.)] (2.7) 

At<A 

for some coefficients called the decomposition numbers. The 

decomposition numbers depend on the characteristic of the ground field k. 

Let P{X) denote a projective cover of L(A) in Ha-mod. For V G Ha-mod we 
define the (graded) composition multiplicity [V : L{X)]q := dim^ Hom(P(A),P) G 
Z((g)). The standard module A(A) is defined as the largest quotient of P{X) all 
of whose composition factors are of the form L(/i) with p, < X, see [Kal Corollary 
4.13], [BKMi Corollary 3.16], [K12i (4.2)]. We note that while the irreducible 
modules L{X) are all finite dimensional, the standard modules A(A) are always 
infinite dimensional. The standard modules have the usual nice properties: 

Theorem 2.8. [BKMi §3] Let a G and A,/r G KP(a). 

(i) A(A) has a simple head L{X), and [A(A) : L{p)]q ^ 0 implies p < X. 

(ii) We have Hom^^^ (A(A), A(^)) = 0 unless X < p. 

(hi) For m>l, we have Ext^^(A(A), A(/r)) = 0 unless X < p. 

(iv) The module P{X) has a finite filtration P{X) = Pq D Pi D ■ ■ ■ D Pn = 0 

with Pq/Pi = A(A) and Pr/Pr+i — for p^'^^ > A, r = 1, 2 ,... . 

(v) Denoting the graded multiplicities of the factors in a A-filtration of P{X) 
by (P(A) : A{p))q, we have (P(A) : A{p))q = d^^x{q). 

To construct the standard modules more explicitly, let us first assume that 
a G and explain how to construct the cuspidal standard module A(a(). Put 
By [BKMI Lemma 3.2], there exists unique (up to isomorphism) 
indecomposable Ra-modules, Am{a), with Ao(q;) = 0, such that there are short 
exact sequences 

0 ^ ^^L(a) Am{ot) —>■ Am-lioi) 0, 

0 qaAm-i{oi) Am(o() L[a) —0. 

This yields an inverse system ^ A 2 (a) Ai(a) Ao(a), and we have 
A (a) = ^ Am(a), see [BKM[ Corollary 3.16]. 
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Let m E Z>o. An explicit endomorphism em E End//^^ (A(a)°™’)°P is defined 
in [BKMi Section 3.2], and then 

A(a™) ^ (2.9) 

Finally, for an arbitrary a E and A E KP(q!), gather together the equal parts 
of A to write A = (A^^ ..., A™'*), with Ai > • • • > A^. Then by [BKMi (3.5)], 

A(A) ^ A(A)"i)o...oA(A™=). (2.10) 

Thus, cuspidal standard modules are building blocks for arbitrary standard 
modules. We will need some of their additional properties. Let a E . If 
A E KP(a) is minimal such that A > (a), then by [BKMi Lemma 2.6], A = (/ 3 , 7 ) 
for positive roots /? > a > 7 . In this case, (/ 3 , 7 ) is called a minimal pair 
for a and we write mp(a) for the set of all such. The following result proved 
in [BKMi §§3.1,4.3] describes some of the important properties of A(a). 

Theorem 2.11. Let a E . Then: 

(i) [A(a) : L{a)]g = 1/(1 - ql) and [A(q;) : L{X)]g = 0 for X ^ (a). 

(ii) Let Ca be the category of all modules in Ha-mod all of whose composition 
factors are ~ L{a). Any V E Cq, is a finite direct sum of copies of the 
indecomposable modules ~ Am{a) and ~ A (a). Moreover, A (a) is a 
projective cover of L{a) in Ca- In particular, Extf^^(A(a), P) = 0 for 
d > 1 and V E Ca- 

(iii) End//^(A(Q;)) = k[x] for x in degree 2da- 

(iv) There is a short exact sequence 0 —> q^A{a) A(a) ^ L{a) —>■ 0. 

(v) For (/3, 7 ) E mp(a) there is a short exact sequence 

0 ^ q~^'^A{l5) o A( 7 ) ^ A( 7 ) o A(/3) \pp^^ + l]A(a) 0, 

where pp^^ is the largest integer p such that ft — p^ is a root- 

Corollary 2.12. Let OL E R^- The dimensions of the graded components A(Q;)rf 
are 0 for d <C 0 and are bounded above by some N > 0 independent of d. 

Proof. By Theorem l2.111 iL we have dim„(A(a)) = dim„(L(a)), which im- 

plies the result since L{a) is finite dimensional. □ 

2.3. Endomorphisms of standard modules. We shall denote by Xa the de¬ 
gree 2da endomorphism of A (a) which corresponds to x under the isomorphism 
Endj:/^(A(a)) = k[x\ in Theorem 12 .lll iiiL This determines Xa uniquely up to a 
scalar. 

Lemma 2.13. Let a E R^. Then every non-zero Ha-endomorphism of A{a) is 
injective, and every submodule of A{a) is equal to a:Q(A(a)) = q^A{a) for some 
s E Z>o. 

Proof. It follows from the construction of Xa in [BKMi Theorem 3.3] that Xa is 
injective and Xq(A(q;)) = q‘^A{a). This in particular implies the first statement. 

Let V C A(a) be a submodule and / : P —A(q:) be the natural inclusion. 
First, assume that P is indecomposable. By Theorem 12. 11 I f iii. up to degree shift, 
P is isomorphic to A(q;) or Am{a) for some m > 1. If P ~ Am(a) then A{a)/V 
is infinite dimensional and has a simple head, so by Theorem I2.11f iii again. 
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lS.{a)/V ~ A(a). Then the short exact sequence 0 —^ A(a) —> /S.{a)/V —)• 
0 splits by projectivity in Theorem I2.1ir iil. contradicting indecomposability of 
A (a). If instead V ~ A (a), consider the composition 

A(a) ^V^A(a). 

This produces a graded endomorphism of A (a), so that V = x® (A(a)) for some 
s > 0. Since there are inclusions A(a) D XaA{a) D x^A(a) D • • • , the general 
case follows from the case when V is indecomposable. □ 

Let again a E . We next consider the standard modules of the form 
A(a™'). We have commuting endomorphisms Xi,..., E End//^^ (A(a)°”^) 
with Xr = id°^’'“^^ oxa o id°”*“'’. Moreover, in [BKMi Section 3.2], some ad¬ 
ditional endomorphisms di,... ,dm-i E End//^^(A(a)°”^) are constructed, and 
it is proved in [BKMi Lemmas 3.7-3.9] that the algebra End//^^ (A(q!)°”^)°p is 
isomorphic to the nilHecke algebra NHm, with di,... ,dm-i and (appropriately 
scaled) Ai,... ,Xm corresponding to the standard generators of NHm- The ele¬ 
ment Cm used in (12.911 is an explicit idempotent in NHm- We denote by Aa^m the 
algebra of symmetric functions k[Xi ,..., = Z{NHm), with the variables 

Xr in degree 2da- Note that dirngAo^m = l/n^i(l “ d'a)- ^t is known, see 
e.g. [KLM] Theorem 4.4(iii)], that 

(^mN Hm^m — (^mAa,m — Ao^rn- 
Theorem 2.15. Let a E R~^ and m E Z>o. Then: 

(i) For any A E KP(ma), we have [A(a"*) : L{X)]q = (5A,(a™)/ 

(ii) The module A{a'^) is a projeetive cover of L{a^) in the eategory of all 
modules in Ha-mod all of whose composition factors are ~ L{a^). 

(hi) EndH,,(A(a)) = Aa,m- 

(iv) Every submodule of A{a^) is isomorphic to q'^A{a^) for some d E Z>o, 
and every non-zero Hma-endomorphism of A{d^) is injective. 

Proof. Part (i) is [BKMi Lemma 3.10], and part (ii) follows from [K121 Lemma 
4.11], since (a™') is minimal in KP(a) by convexity. By (i) and (ii), we have that 
dimg EndH„,(A(a"*)) = l/n^i(l “ Qa)- 

(iii) We have that NHm = End/i-^„(A(a)°™’)°P acts naturally on A(a)°’" on 
the right, and so Aa^m = Z{NHm) acts naturally on A(a'") = A(a)°™’em- This 
defines an embedding Aa^m —t Endn^tiThis embedding must be an 
isomorphism by dimensions. 

(iv) In view of Lemma 12.131 every non-zero / E k[Xi,...,Xm\ T NHm = 

End//,^^(A(a)°™')°P acts as an injective linear operator on A(a)°™’. The result 
now follows from (|2.14p and (ii). □ 

Einally, we consider a general case. Let a E Q~^ and A = (A™\ ..., A™'*) E 
KP(a) with Ai > • • • > As. We have a natural embedding 

AAi.mi (8) • • • Ax^,ms -t EndHc(A(A)), /i (8) • • • <8) /s i-a /i o • • • o /s. (2.16) 

Theorem 2.17. Let a E and A = (A)”\ ..., A™'*) E KP(q;) with Ai > • • ■ > 
As. Then 

Endn^ (A(A)) = Aa^, mi <8) • • • <8) Aa^^, 
via 112. 16\) . and every non-zero Ha-endomorphism o/A(A) is injeetive. 
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Proof. It is easy to see from Theorem I2.15r iv) that every non-zero endomorphism 
in the image of the embedding (j2.16p is injective. To see that there are no other 
endomorphisms, we first use adjointness of End and Res to see that Endj:/^(A(A)) 
is isomorphic to 

K K A(A-0,Res“^A„...,m.A.A(A)), 

and then note that by the Mackey Theorem, as in [M[ Lemma 3.3], we we have 

Res“^A„...,m.A.A(A) - A(Ar) K K A(A^). □ 

3. Proof of Theorem A 

We give the proof of Theorem A based on the recent work of Kashiwara-Park 
[KP]. Our original proof was different and relied on some unpleasant computation 
for non-simply-laced types. For simply laced types however, our original proof is 
very simple and elementary, and so we give it later in this section, too. 

3.1. Proof of Theorem A modulo a hypothesis. The following hypothesis 
concerns a key property of cuspidal standard modules and is probably true beyond 
finite Lie types; 

Hypothesis 3.1. Let a be a positive root of height n and 1 < r < n. Then upon 
restriction to the subalgebra k[xr] fL the module A (a) is free of finite rank. 

The goal of this subsection is to prove Theorem A assuming the hypothesis. 
In 113.21 the hypothesis will be proved using results of Kashiwara and Park, while 
in 113.31 we will give a more elementary proof for simply laced types. 

Lemma 3.2. Hypothesis is equivalent to the property that xi,... ,x„ act by 
injective linear operators on A(q!). 

Proof. The forward direction is clear. For the converse, assume that Xr acts 
injectively on A(q;). We construct a finite basis for IjA(a) as a A;[xr]-module for 
every i € Let m := deg(xrli). For every a = 0,1,... , m —1, let da be minimal 
with da = a (mod m) and liA(a)rf^ ^ 0. Pick a linear basis of 
and note that the A:[xr]-module generated by the elements of this basis is free. 
Factor out this A;[xr]-submodule, and repeat. The process will stop after finitely 
many steps, thanks to Corollary 12.121 □ 

While Hypothesis 13.11 claims that every k[xr\ acts freely on A(q!), no k[xr.,Xs] 
does; 

Lemma 3.3. Let a € he a root of height n > 1. Then, for every vector 
V G A(a), and distinct r,s € {I,-- - ,n}, there is a polynomial f G k[x,y] such 
that f{xr, Xs)v = 0. 

Proof. We may assume f is a homogenous weight vector. By Corollary 12.121 the 
dimensions of the graded components of A (a) are uniformly bounded. The result 
follows, as the number of linearly independent degree d monomials in x, y grows 
without bound. □ 

One can say more about the polynomial / in the lemma, see for example 
Proposition 13.141 
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Now, let a G Q~^ be arbitrary of height re, and A = (Ai > • • • > A;) E KP(q:). 
Setting Sx '■= *S'ht(Ai) x ••• x C Sn, integers r,s E re} are called 

X-equivalent, written r s, if they belong to the same orbit of the action of S\ 
on ,re}. Finally, recalling the idempotents (j2.4p . we write 1 a := lAi,...,Ar 

Lemma 3.4. Let a E Q~^, re = ht(a), and be elements o/KP(a). Ifw E Sn 

satisfies Iat^I^ 0 then there exists some 1 < r < n such that r ~a r + 1, but 
w~^{r) w~^{r + 1 ). 

Proof. Write A = (Ai > • • • > A;) and ^ = (^i > • • • > fJ-m)- The assumption 
IaPujI/x ^ implies that = w-i^ for some E and E Write 

:= with E 1^°- for all a, and := with E for all b. 

Assume for a contradiction that for every 1 < r < re we have r ~a r + \ implies 
that w~^{r) w~^{r + 1). Then there is a partition {1,...,/} = |J^]^ A^, such 

that = YlaeA,, for all 6 = 1,..., rre. By convexity, cf. [BKMi Lemma 2.4], 
we have min{Aa | o E Aj,} < fib ^ max{Aa | o E Ab}. This implies X> fi. □ 

Theorem 3.5. Let a E Q~^ and X,fiG KP(a). If Xfi fi, then 

Homj/^(A(A), A(/r)) = 0. 

Proof. Let re = ht(Q;) and write A = (Ai > • • • > A;) and fi = (^i > • • • > fim)- It 
suffices to prove that 

HomH,(A(Ai) o • • • o A{Xi),A{fii) o • • • o A{fj,m)) = 0. 

If not, let be a nonzero homomorphism. By Theorem I2.8r iil. we may assume 
that X < fi. Using Lemmapick a generator v E A(Ai) o • • • o A(A/) such that 
V = Iau and for any r ~a t + 1, there is a non-zero polynomail / E k[x,y] with 
f{xr,Xr+i)v = 0. Then f{xr, Xr+i)y:>{v) = 0 as well. 

Denote by 5^ the set of shortest length coset representatives for Sn/Sfj,. Then, 
we can write ip{v) = YlweSt^ ® for some Vw E A(/xi) 0 • • • ( 8 ) A{fim). Since 
ip{v) = l\ip{v) and we have that 0 whenever Vw 0. In 

particular, if re E is an element of maximal length such that Vu 7 ^ 0, then by 
Lemma 13.41 r ~a t -|- 1 and re“^(r) 9 ^^ re“^(r -|- 1) for some 1 < r < re. 

Now, we have: 

f{Xr,Xr+l)p{v)=f{Xr,Xr+l) 

w£Sl^ 

= f{Xr,Xr+l)Tu 0 ^ f{Xr, Xr+l)Tnj 0 

W^U 

'^u ® f (r) 1 (r+1) (*) 5 

where (*) is a sum of elements of the form Tiu 0re]^ with v'^, E A(^i) 0 • • • ®A{fim) 
and w G \ {re}. The last equality follows because in Ha for all 1 < t < re and 
w G Sn, we have that xtTw = Tu,Xn,-ift) + (**)) where (**) is a linear combination 
of elements of the form Ty with y G Sn being Bruhat smaller than w. 

Since u~^{r) u~^(r + 1), there are distinct integers a,b G {!,...,rre} and 

integers 1 < c < ht(^a) and 1 < d < ht(^b) such that for any pure tensor 
re = re^ 0 • • • 0 re™ E A(^i) 0 • • • 0 A{fim), and s,t G Z>o, we have 

®«-i(r)*«-i(r+i)'^ = re^ 0 • • • 0 X^re^ 0 • • • 0 x^re^ 0 • • • 0 re™. 
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By Hypothesis EJl f{xu-i(^r),Xu-i{r+i))vu / 0. Hence f{xr,Xr+i)(p{v) / 0 giving 
a contradiction. □ 

3.2. Proof of the Hypothesis using Kashiwara-Park Lemma. We begin 
with a key lemma which follows immediately from the results of [KP]: 

Lemma 3.6. Let a G R~^, n = ht(a) and i ^ I. Define 



Then 7 ^ 0. 

Proof. This follows from [KPl Definition 2.2(b)] and [KPl Proposition 3.5]. □ 

Theorem 3.7. Let a G R'^ have height n. Then, xtfiv 0 for all 1 < r < n, 
m G Z>o, and nonzero v G A(a). In particular, Hypothesis \3f7\ holds. 

Proof. The ‘in particular’ statement follows from Lemma 13.21 

We may assume that n is a weight vector of some weight i. Let i = R. The 
element pi^a dehned in Lemma [3.6l is central by Theorem 12.31 By Lemma [3. 6 1 and 
Theorem 12. 171 the multiplication with on A (a) is injective, so multiplication 

with p™^ is also injective. But pf*^, involves so 0 7 ^ PTa'^ ~ f^xlfiv for some 
h G Ha, and the theorem follows. □ 

3.3. Elementary proof of the Hypothesis for simply laced types. Through¬ 
out this subsection, we assume that the root system R is of (hnite) ADE type. 
Let a = aioi aiai G and n = ht(a). Pick a permutation (ii,..., ii) of 

(!,...,/) with > 0, and define i := if^ ''' b'* ^ Then the stabalizer of i 
in Sn is the standard parabolic subgroup Si := Sai_^ x • • • x Sai^ • Let 5* be a set 
of coset representatives for Sn/Si. Then by Theorem 12.31 the element 

■2 ■2i . ^ ^ (^ui(l) T ■ ■ ■ T J ) l^y. j (3'^) 

is central of degree 2 in H^. For any 1 < r < n, note that 

ai^Xr = Z - ((a;«;(l) - a^r) H-h {Xu,{ai^) “ Xr))lwi- (3.9) 

Let H'a be the subalgebra of Ha generated by 

{Ij I i G /"} U {xr I 1 < r < n} U {xr — Xr+i I 1 < r < n}. 

For the reader’s convenience, we reprove a lemma from [BKl Lemma 3.1]: 

Lemma 3.10. Let a, i, and z he as above. Then: 

(i) {(xi - X 2 )”"l • • • {Xn-l - Xn)'^'^-^Twli \ TUr G Z>o, W € Sn,i € /"} is a 
basis for H'a. 

(ii) If ai^ ■ Ik 0 in k, then there is an algebra isomorphism 

Ha^H'^^k[z]. 


(3.11) 
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Proof. In view of the basis (j2.2jl , part (i) follows on checking that the span of the 
given monomials is closed under multiplication, which follows from the defining 
relations. For (ii), note using (j3.9p that the natural multiplication map k[z] 0 
Ha is surjective. It remains to observe that the two algebras have the 
same graded dimension. □ 

Let a now be a positive root. Then one can always find an index ii with 
• Ifc / 0, so in this case we always have (13.1111 for an appropriate choice of i. 
We always assume that this choice has been made. Following [BK] , we can now 
present another useful description of the cuspidal standard module A (a). Denote 
by L'{a) the restriction of the cuspidal irreducible module L{a) from Ha to H'^. 

Lemma 3.12. Let a G . 

(i) L'{a) is an irreducible Ha-module. 

(ii) A(a) = Ha L'{a). 

(hi) The element z acts on A (a) freely. 

Proof. Note that z acts as zero on L{a), which implies (i) in view of (13.lip . 
Moreover, it is now easy to see that Ha L'{a) has a filtration with the 
subfactors isomorphic to q^'^L{a) for d = 0,1,... . Furthermore, by Frobenius 
Reciprocity and (i), the module Ha L'{a) has simple head L{a). Now (ii) 
follows from Theorem 12 .11 l iii . Finally, (hi) follows from (ii) and (13.lip . □ 

Using the description of A(q:) from Lemma I3.12l iii. we can now establish 
Hypothesis 13.11 

Theorem 3.13. Let a € and {ui,...,UAr} be a k-basis of L'{a). Then 

the k[xr\-module A(a) is free with basis {1 ig) ui,..., 1 ( 8 ) vn}- In particular, 
Hypothesis 13.11 holds for simply laced types. 

Proof. By (|3.9I) . we can write Xr = -^z + (*), where (*) is an element of H'a. For 
each 1 < m < A, we have 

x(!(l (DUm) = f —^ (g) Urn + (**), 

\akj 

where (**) is a linear combination of terms of the form z^ (g) vt with c < b. So 
{1 (gi ui,..., 1 (gi uat} is a basis of the free A:[xr]-module A (a). □ 

The following strengthening of Lemma 13.31 is not needed for the proof of The¬ 
orem A, but we include it for completeness. 

Proposition 3.14. Let a G R'^ and n = ht(a). For any 1 < r, s < n, there is 
d G Z>o such that {xr — XsY annihilates A (a). 

Proof. Pick d such that {xr — Xg)'^ annihilates L{a). Since A(a) = Ha (g)H^ L'{a) 
is spanned by vectors of the form z"^ ®v' with m G Z>o and v' G L'{a), it suffices 
to note that {xr — Xs)^{z'^ (g> v') = z"^ ® {xr — XsYv' = 0. □ 
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4. Reduction modulo p 

4.1. Changing scalars. In this subsection we develop a usual formalism of mod¬ 
ular representation theory for KLR algebras. There will be nothing surprising 
here, but we need to exercise care since we work with infinite dimensional algebras 
and often with infinite dimensional modules. 

From now on, we will work with different ground rings, so our notation needs 
to become more elaborate. Recall that the KLR algebra is defined over an 
arbitrary commutative unital ring k, and to emphasize which k we are working 
with, we will use the notation Ha^k or H^-k- In all our notation we will now 
use the corresponding index. For example, if fc is a field, we now denote the 
irreducible cuspidal modules over H^^k by L{a)k- 

Let p be a fixed prime number, and F := Z/pZ be the prime field of char¬ 
acteristic p. We will use the p-modular system (F, R, K) with R = Zp and 
= Qp- Oftentimes (when we can avoid lifting idempotents) we could get away 
with R = Z, K any field of characteristic zero, and F any field of characteristic p. 

Recall from Section [2] that for a left Noetherian graded algebra H, we denote by 
iL-mod the category of finitely generated graded iL-modules, for which we have 
the groups ext^(K, W) and W). To deal with change of scalars in Ext 

groups, we will use the following version of the Universal Coefficient Theorem: 

Theorem 4.1. (Universal Coefficient Theorem) Let Ur, VFr he modules in 
i/„^R-mod, free as R-modules, and k he an R-algebra. Then for all j G Z>o there 
is an exact sequence of (graded) k-modules 

0 ^ Ext]^^ ^{Vr, Wr) (8>r A: ^ Ext]^^ ^ {Vr 0Rk,WR (^r k) 

^ Torf (Extg^^^(UR, Wr) , k) ^ 0. 

In particular, 

Ext]^^ ^{Vr, Wr) 0rK = Ext-^^ ^(Vr (8)r K, Wr C>r K). 

Proof. This is known. Apply HomR^ ^(—, Wr) to a free resolution of Vr to 
get a complex C, of free (graded) R-modules with finitely many generators in 
every graded degree. Now follow the proof of [Roti Theorem 8.22]. The second 
statement follows from the first since AT is a flat R-module. □ 

We need another standard result, whose proof is omitted. 

Lemma 4.2. Let k = K or F, Vr, Wr G Ha,R-raod be free as R-modules, and 

O^Wr^Er^Vr^O 

be the extension corresponding to a class ^ G Ext^^ ^(Vr, Wr). Identifying 
Ext}^^ ^{Vr, Wr) ®r k with a subgroup of Ext}^^ ^ (Ur ( 8 )r k, Wr 'Sir k), we have 
that 

O^WRSRk Er Sr k VRSRk^O 
is the extension corresponding to a class ^ (8) Ifc G Ext^^ ^r) 

Let k = K oi F, and Vk be an Rq, ^.-module. We say that an iLa^R-module 
Vr is an R-form of Vk if every graded component of Ur is free of finite rank 
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as an ii-module and, identifying k with Ha,k, we have Vr (8 )r k = Vk 

as //cf^fc-modules. If A; = X, by a full lattice in Vk we mean an ii-submodule 
Vr of Vk such that every graded component Vd^R of Vr is a finite rank free R- 
module which generates the graded component Vd,K as a if-module. If Vr is an 
Ha^R-mvariant full lattice in Vk, it is an i?-form of Vk- Now we can see that 
every Vk S Ha^K-^od has an i?-form: pick i7Q,^ii--generators vi,... ,Vr and define 
Vr ■= Hq,r • 'I’l H-+ Ha,R ■ vi- 

The projective indecomposable modules over have projective ii-forms. 

Indeed, any P{X)f is of the form Ha,Fex,F for some degree zero idempotent e\^F- 
By the Basis Theorem, the degree zero component Ha^F,o of Ha^F is defined 
over R] more precisely, we have Ha^k,o = Ha,Rfi k ioi k = K or F. Since 
Ha,F,o is finite dimensional, by the classical theorem on lifting idempotents [CB 
(6.7)], there exists an idempotent cx^r € Ha^R^ such that ex^p = ^x,R ® If, and 
P{X)r ■= Ha^RCx^R is an i?-form of P{X)f- The notation P{X)r will be reserved 
only for this specific ii-form of P{X)f- Note that, while the Tfo^R-module P{X)r 
is indecomposable, it is not in general true that P{X)r K = P{X)k, see 
Lemma 14.81 for more information. 

Let Vk € Ha,K-^od and Vr be an 72-form of Vk- The Lla^iT’-module Vr i^ir F 
is called a reduction modulo p of Vk - Reduction modulo p in general depends on 
the choice of Vr- However, as usual, we have: 

Lemma 4.3. If Vk £ Hc^^-mod and Vr is an R-form of Vk, then for any 
X G KP(q;), we have 

[Vr ^r F : L{X)F]q = dim^ Hom//^_^(P(A)R ^r K, Vk)- 

In particular, the eomposition multiplicities [VriSirF : L(A)i?]q are independent 
of the choice of an R-form Vr . 

Proof- We have [Vr (8)r F : L{X)F]q = dim^ HomR^ ^(P(A)r, Vr (8)r F). By the 
Universal Coefficient Theorem, 

HomR^ ^(P(A)r, Vr 'Sir F) = HomR^ ^(P(A)r, Vr) Sr F. 

Moreover, note that Hom^^ ^(P(A)r, Vr) is P-free of (graded) rank equal to 
dimq HomR-^ ^(P(A)r, Vr) Sr k for k = F or K. Now, by the Universal Coeffi¬ 
cient Theorem again, we have that 

dimq HomR^ ^(P(A)r, Vr) SrK = dim, HomR^ ^(P(A)r Sr K, Vr Sr K), 

which completes the proof, since Vr Sr K = Vk - □ 

Our main interest is in reduction modulo p of the irreducible Po^R-modules 
L{X)k- Pick a non-zero homogeneous vector v G L{X)k and define L{X)r := 
77a,R • V- Then L(A)r is an Pa,R-invariant full lattice in L{X)k, and reducing 
modulo p, we get an Pa,R-module L{X)r Sr F. In general, L{X)r Sr F is not 
L{X)f, although this happens ‘often’, for example for cuspidal modules: 

Lemma 4.4. [KlU Proposition 3.20] Let a G P'*'. Then L{a)RSRF = L{a)F- 

To generalize this lemma to irreducible modules of the form L{a^), we need to 
observe that induction and restriction commute with extension of scalars. More 
precisely, for /3i,..., j3m G Q'^, a = fli + Pm, and any ground ring k, we 
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denote by the algebra 0 fc • • • 0 fc identified as usual with a 

(non-unital) subalgebra C Ha,k- 

Lemma 4.5. Let Vr G and VFr G Ha^R-mod. Then for any 

R-algebra k, there are natural isomorphisms of Ha^k-fnodules 

(Ind^i,...,/3^^R) ®Rk = Ind^j,„„;3^(VR ®r k) 
and of Hg^^^^^^p^-k-modules 

(Res^i,...,/3^^ij) ®Rk = ®r k). 

Let a G and m G Z>o- If /c is a field, by Lemma 12.51 we have L{a'^)k — 
L{a)l"^. By Lemma L{a^)R := {L{a)R)°'^ satisfies L{a^)R ( 8 >i? k ~ L{a'^)k 
for k = K or F. Taking into account Lemma 14.31 we get: 

Lemma 4.6. Let a G i?"*" and m G Z>o. Then reduetion modulo p of L[a^)K is 
L{a^)R. 

It was conjectured in Conjecture 7.3] that reduction modulo p of L{X)k 

is always L{X)f, but counterexamples are given in [W| (see also [BKMj Example 
2.16]). Still, it is important to understand when we have L{X)r i^r F = L{X)f: 

Problem 4.7. Let a G Q'^. 

(i) If A G KP(a), determine when L{X)r ®r F = L{X)f- 

(ii) We say that James’ Conjecture has positive solution (for a) if the iso¬ 
morphism in (i) holds for all A G KP(a). Determine the minimal lower 
bound Pa on p = char F so that James’ Conjecture has positive solution 
for all p > Pa- 

At least, we always have: 

Lemma 4.8. Let a G Q~^ and X G KP(a). Then in the Grothendieek group of 
finite dimensional Ha^F-iRodules we have 

[L(A)_r (8)_r F] = [L(A)f] + ^ aA,/^[L(/i)F] (4.9) 

for some bar-invariant Laurent polynomials oa,/^ G Z[q,q“^]. Moreover, 

PWr ®rK = P{X)k © ^ aF^P{lj)K- 

Proof. Let k = K or F and consider the reduced standard module A(A)fc, see 
(|2.6I) . In view of (12.7p , we can write 

[-h(A)fc] := [A(A)fc] -I- ^ /^^^[A(/x)fc] 

for some f\^^ 'L[q,q~^]. Using Lemmas 14.5114.41 and induction on the bilexico- 
graphical order on KP(A), we now deduce that the equation (|4.9I1 holds for some, 
not necessarily bar-invariant, coefficients oa,/^ G Z[g, g“^]. Then we also have 

chg (L(A)r ©ij F) = dig {L{X)f) + ^ flA.^chg {L{ijl)f). 
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Since reduction modulo p preserves formal characters, the left hand side is bar- 
invariant. Moreover, every chq {L{p)f) is bar-invariant. This implies that the 
coefficients ax ^ are also bar-invariant, since by [KLU Theorem 3.17], the formal 
characters {chg L{u)f \ v € KP(a)} are linearly independent. 

Finally, for any p € KP(A), we have 

a^,A = dimg HomH„ ^(P(A)R iS)r K,L{p)k), 
thanks to by Lemma 14.31 This implies the second statement. □ 

Remark 4.10. For k = K and F, denote by the corresponding decom¬ 
position numbers, see (EZl), and consider the decomposition matrices := 
(4,M)A,MeKP(a)- Setting A := (axF)x,^eKP(a), we have = D^A. So the 
matrix A plays the role of the adjustment matrix in the classical James’ Con¬ 
jecture [J]. Note that James’ Conjecture has positive solution in the sense of 
Problem 14.71 if and only if A is the identity matrix. 

4.2. Integral forms of standard modules. Our next goal is to construct some 
special R-forms of standard modules. We call an Ha,R-module A{X)r a universal 
R-form of a standard module if it is an R form for both A{X)k and A{X)f. We 
show how to construct these for all A. 

By Theorem 12.81 11. for any field k, the standard module A(a™')fc has simple 
head L{a'^)k- Pick a homogeneous generator v € A(a™')/^ and consider the 
7?-form A{a'^)R := Hma,R • v of A(a™')x. Further, for any a G and A = 
(A™\ ..., A™'*) G KP(a) with Ai > • • • > A^, we define the following R-form of 
A{X)k (cf. Lemma 147^ : 

AiX)R:=AiXTnRo...oAiXT^)R. 

Let 1(A),R := lmiAi,...,msAs;R- Then, for an appropriate set of coset repre¬ 
sentatives in a symmetric group, we have that {t«j1(a),r I w G } is a basis of 

dJa,Rl(A),R considered as a right l(A),Ri7a,Rl(A),R-module. So 

A(A)r= 0 r^l(A),R«)A(A’,"i)R®---® A(A^ 0 r- 

In particular, choosing vt G A(A]]”*)x with A(A™‘)r = HmtXt,R''^t for all 1 < t < s 
and setting v := 1(a), r <8 * ui C) • • • (g) , we have 

A{X)R = Ha,R-V (4.11) 

Now we show that A[X)r is a universal R-form: 

Lemma 4.12. Let a G Q~^ , and X G KP(a). Then A(A)r F = A(A)r. 

Proof. In view of (j2.10p and Lemma 14.51 we may assume that A is of the form 
for a positive root /3 so that a = m/3. By Lemma 14.31 we have for any 
p G KP(a): 

[A{P'^)r ^r F : L{p)F]g = dimq Rouir^ j^{P{p)r iS)r K, A{P'^)k). 

By convexity, (/3”^) is a minimal element of KP(a). So Lemma 14.81 implies that 
all composition factors of A{P^)r 0r F are ~ L{P'^)f. Moreover, 

[A(/3™)r F : L(/3-)r], = [A{P^)k : L{P^)K]g = [A{P^)f : L{P^)F]g. 
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By construction, is cyclic, hence so is A{/3'^)riS)rF. So, 

is a module with simple head and belongs to the category of all modules in 
Ha^p-mod with composition factors ~ L{I3^)f. Since (/S’”) is minimal in KP(a), 
we have that A{/3"^)f is the projective cover of L{l3'^)p in this category, see 
[kH Lemma 4.11]. So there is a surjective homomorphism from A{l3^)p onto 
A{P'^)r0rF. This has to be an isomorphism since we have proved that the two 
modules have the same composition multiplicities. □ 

From now on, the notation A(A)ij is reserved for a universal R-form. We begin 
with a rather obvious consequence of what we have proved so far: 

Proposition 4.13. Let a € and A,/i G KP(a). 

(i) If n, then Hom//^ ^(A(A)ij, A(^)/j) = 0. 

(ii) For any R-algebra k, we have 

^(A(A)i?) k = End//^,fc(A(A)R k). 

(hi) If \<jt pL, then Ext]/^^ ^(A(A)ij, A(^)i{) = 0 for all j > 1. 

Proof. By the Universal Coefficient Theorem, for any j > 0, we can embed 
Ext]/^ ^{A{X)r, A{^)r) 0rF into Ext-^ ^{A{X)p, A{ij.)f). So (i) follows from 
Theorem A, and (hi) follows from Theorem 12.SI fiii). Now (ii) also follows from the 
Universal Coefficient Theorem, since Ext}^^ ^(A(A)i?, A(A)r) = 0 by (hi), which 
makes the Tori-term trivial. □ 

It turns out that torsion in the Ext groups between A(A)i{’s bears some im¬ 
portance for Problem 14.71 see Remark 14.171 So we try to make progress in un¬ 
derstanding this torsion. Given an R-module V, denote by its torsion 

submodule. If all graded components of V are hnitely generated and trivial 
for d <C 0, then the graded rank of V is defined as 

rankg U := ^(rankVd) (f € 

d 

Of especial importance for us will be the rank of the torsion in Ext-groups: 

rank, Ext]^^ ^(A(A)ij, A(/i)/j)^°"'L 
The following result was surprising for us: 

Theorem 4.14. Let a G Q~^ and A,/U G KP(a:). Then the R-module 
is torsion-free. 

Proof. By Proposition 14.131 we may assume that A < /U. By the Universal Coef¬ 
ficient Theorem, there is an exact sequence 

0 Hom//^_^(A(A)K, A(^)k) (2)r E Hom//^^^(A(A)F, A(/r)i7’) 

^ Torf(Ex4 ^ JA(A)h, A(/r)H),E) ^ 0. 

By Theorem A, the middle term vanishes, so the third term also vanishes, which 
implies the theorem. □ 

We will need the following generalization: 
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Corollary 4.15. Let a € Q~^, /i G KP(a), and V he an Ha^R-module with a 
finite A.-filtration, all of whose subfactors are of the form ~ A(A)_r for A / /x. 
Then Ext^^ ^(F, A(/x)ij) is torsion-free. 

Proof. Apply induction on the length of the A-filtration, the induction base com¬ 
ing from Theorem 14.141 If the filtration has length greater than 1, we have an 
exact sequence 0 —)• Fi —>■ F —>■ F 2 —t 0, such that the inductive assumption 
apples to Fi, F 2 . Then we get a long exact sequence 

HomH,,«(Fi, A(^)ij) ^ A{h)r) 

^Ext)^^^^(F, A(/x)xj) Ext}^^^^(Fi, A(^)ij). 

By Theorem A, the first term vanishes. By the inductive assumption, the second 
and fourth terms are torsion-free. Hence so is the third term. □ 

While we have just proved that there is no torsion in Ext}^^ ^{A{X)r, A(/i)x^), 
the following result reveals the importance of torsion in Ext^-groups. 

Corollary 4.16. Let a G Q~^ and A,/x € KP(a). IFe have 
dimq Ex.t]J^^^{A{X)F,A{^^)F) 

= dimq Ext]j^^^{A{X)K, A{p)k) + rankg Extjj^^^{A{X)R, A{p)rY°^^. 

In particular, 

dim, Exi\j^^^{A{X)F,A{p.)F) = dim^ Ext\j^^^{A{X)K, A{p)k) 
if and only if Extjj^ ^{A{X)r, A{p)r) is torsion-free. 

Proof. By the Universal Coefficient Theorem, there is an exact sequence 
0 ^ ExIr^ ^{A{X)r, A{p)r) ®r F —> Ext^^^^(A(A)i?, A(^)i?) 

^ Torf(Ex4^^^(A(A)R, A(/x)xj),F) ^ 0 
and an isomorphism 

^(/^)r) ®rK = Ext\j^^^{A{X)K, A{p)k). 

The last isomorphism and Theorem 14.141 imply 

dim, Ext}^^^^(A(A)if, A(/x)i^) = rank, Exi]j^^^{A{X)R, A{h)r). 

On the other hand, 

rank, Ext|^^_^(A(A)R, = dim, Torf (Extf^^_^(A(A)i?, A(/x)r), E), 

so the result now follows from the exactness of the first sequence. □ 

Remark 4.17. By Theorem 14.141 lack of torsion in Extj^^ ^{A{X)r, A{p)r) is 

equivalent to the fact that the extension groups Ext}^^ (A(A), A(/x)) have the same 
graded dimension in characteristic 0 and p. This is relevant for Problem l4.71 How¬ 
ever, we do not understand the precise connection between Problem 14.71 and lack 
of torsion in the groups Ext\j^ ^{A{X)r, A{h)r). Eor example, we do not know 
if such lack of torsion for all A, ju implies (or is equivalent to) James’ Conjecture 
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having positive solution. In the next section we establish a different statement of 
that nature. Set 

■= ^(A)fc. 

AeKP(Q) 

By the Universal Coefficient Theorem, all groups ^(A(A)/j, A(^)/j) are 

torsion free if and only if the dimension of the A:-algebras Ext^^ ^ (A^, A^) is the 
same for k = K and k = F, and 

for k = K and F. We do not know if James’ Conjecture has positive solution 
under the assumption that all groups Ext],^ ^(A(A)ij, A(/i)/{) are torsion-free. 

4.3. Integral forms of projective modules in characteristic zero. Recall 
that by lifting idempotents, we have constructed projective i?-forms P{X)r of 
the projective indecomposable modules P{\)f. Our next goal is to construct 
some interesting R-forms of the projective modules P{X)k- As we cannot denote 
them P{\)r, we will have to use the notation Q{X)r. We will construct Q{X)r 
using the usual ‘universal extension procedure’ applied to universal R-forms of 
the standard modules, but in our ‘infinite dimensional integral situation’ we need 
to be rather careful. We begin with some lemmas. 

Lemma 4.18. Let k be a field and V G J/^^fc-mod have the following properties: 

(i) V is indecomposable; 

(ii) V has a finite A-filtration with the top factor A(A)fc; 

(hi) Ext\[^ ^(y, A{fj,)k) = 0 for all p, G KP(q!). 

Then V ^ P(X)k. 

Proof. We have a short exact sequence 0 ^ M —>■1/ ^0, where P is a finite 
direct sum of indecomposable projective modules. By [K12j Corollary 7.10(i)], M 
has a finite A-filtration. Now, by property (iii), the short exact sequence splits. 
Hence V is projective. As it is indecomposable, it must be of the form q^P{pL). 
By the property (ii), A = /r and d = 0. □ 

For A G KP(a) and k G {F,K,R}, we denote by Bx,k the endomorphism 
algebra End/f^ ^ (A(A)fc)°P. Then A{X)k is naturally a right PA,fc-Riodule. We 
will need to know that this PA,fc-iTLodule is finitely generated. In fact, we will 
prove that it is finite rank free. First of all, this is known over a field: 

Lemma 4.19. Let X G KP(a) and k be a field. Then: 

(i) B\,k is a commutative polynomial algebra in finitely many variables of 
positive degrees. 

(ii) Let Nx^k the ideal in Bx^k spanned by all monomials of positive degree, 
and M := A{X)kNx^k- Then A{X)k/M = A{X)k, see the notation lA 61) . 

(iii) Let vi,... ,vn G A{X)k be such that {ui J- M ,... ,V]\f + M} is a k-basis 
of A{X)k/M. Then {ui,... ,U 7 v} is a basis of A{X)k as a Bx^k-fnodule. 

Proof. For fii see Theorem 12.171 For liil and ('iii'l. see [Km Proposition 5.7]. □ 

The following general lemma, whose proof is omitted, will help us to transfer 
the result of Lemma 14.191 from K and P to R: 
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Lemma 4.20. Let Bji be an R-algebra and Vr be a BR-module. Assume that Br 
and Vr are free as R-modules. If vi,... ,vn € Vr are such that {pi (^Ik, ■ ■ ■ ,vn ^ 
Ifc} is a basis ofVR®Rk as a BR^Rk-module for k = K and F, then {i;i,..., vn} 
is a basis of Vr as a BR-module. 

Lemma 4.21. Let A € KP(a). As a Bx^R-module, /S.{X)r is finite rank free. 

Proof. Let A = (A^\..., A™'*) for positive roots Ai > • • • > A^. Choose v = 
1(A),A" ( 8 i • • • ( 8 ) Ps as in (j4.1ip . There is a submodule M C A{X)k with 

^{X)k/AI = K{\)k. Pick hi,, hjv G such that {hiv + M ,..., hjyv + M} 
is an i?-basis of A(A)ij = Ha,R-{v+M). By Lemma l4.19l {/iiu( 8 )lfc,..., hiyuCilfc} 
is a BA,fc-basis of A(A)ij i^r k foi k = K or F. Now apply Proposition I4.13r ii) 
and Lemma 14.201 □ 

Corollary 4.22. Let k € {F,K,R}, V € ifa^fc-mod, A E KP(a) and j E Z>o. 
Then ^(P, A(A)fc) is finitely generated as a B\^k-module. 

Proof. Since is Noetherian, V has a resolution by finite rank free modules 
over Ha^k- Applying Homj:!^ j,(—, A(A)fc) to this resolution, we get a complex with 
terms being finite direct sums of modules ~ A(A)fc, which are finite rank free over 
B\^k, thanks to Lemmas 14.191 and 14.211 As B\^k is Noetherian, the cohomology 
groups of the complex are finitely generated Bi,_/c-modules. □ 

Remark 4.23. It is a more subtle issue to determine whether ExVj^ ^{A{\)k, V) 
is finitely generated as a RA,fc-iRodule. We do not know if this is always true. 

Lemma 4.24. (Universal Extension Procedure) Let k E {F,K,R}, ^ E 
KP(q!), and Vk be an indecomposable Ha^k-iT^odule with a finite A-filtration, all 
of whose subfactors are of the form ~ A(A)fc for A ^ If k = R, assume in 
addition that Vr ^r K is indecomposable. Let 

r{q) := rankg Ex.tR^^^{Vk, A{p,)k) E Z[q,q~^] 

be the rank of Extjj^ ^{Vk, A{/a)k) as a B^^k-^-odule. Then there exists an IIa,k- 
module E{Vk, A{p.)k) with the following properties: 

(i) E{Vk,A{pL)k) is indecomposable; 

(ii) E-y±\j^^^{Vk,A{ij)k) = 0 ; 

(iii) there is a short exact sequence 

0 —>• r{q)A{p.)k —>■ E{Vk, A{fj,)k) —>■ 14 —>■ 0. 

Proof. In this proof we drop H^^k from the indices and write Ext^ for Ext)i^ 
etc. Also, when this does not cause a confusion, we drop k from the indices. 
Let ^ 1 ,... be a minimal set of homogeneous generators of Ext^(P, A(/i)) as 
a B^-module, and dg := deg(^s) for s = l,...,r, so that r{q) = The 

extension 0 —>■ q~'^^ A{n) —>■ Ei —>■ P —)• 0, corresponding to ^i, yields the long 
exact sequence 

Hom(g“‘^^ A(/i), A(/i)) Ext^(P, A(/i)) Ext^(Ei, A(;u)) —)• 0. 

We have used that Ext^(g“'^i A(^), A(/i)) = 0, see Proposition Id.lSf iiil. Note 
that q~‘^^A{p,) = A(/r) as Ro-modules but with degrees shifted down by di. 
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So we can consider the identity map id : A(^), which has degree 

di. The connecting homomorphism maps this identity map to It fol¬ 
lows that Ext^(-Ei, A(/r)) is generated as a i?^-module by the elements ^2 := 
V’(? 2 )) • • •, := '4’iCr)- Repeating the argument r — 1 more times, we get an 

extension 

0 —)• © ■ ■ ■ © q ~'^''= r{q)A{ii) —^ R —0 

such that in the corresponding long exact sequence 

Hom(E, A(^)) Hom(r(g)A(/r), A(/r)) 

^Ext^(R,A(;u)) ^ Ext^(E,A(^)) ^0, 

for all s = 1 ,..., r, we have = Csj where tTs is the (degree ds) projection 

onto the sth summand. In particular, tp is surjective, and Ext^(E, A(^)) = 0. 

It remains to prove that E is indecomposable. We hrst prove this when k 
is a held. In that case, if E = E' © E", then both E' and E” have hnite A- 
hltrations, see |K12[ Corollary 7.10]. Since Ext^(A(/i), A(A)) = 0 for A /i, 
there is a partition J' U J” = {1,... ,r} such that there are submodules M' = 
©jej/g'^iA(^) C E', M" ^ ®j^j"q'^^A{ pl) C E” and E'/M', M"/E" have A- 
hltrations. Since Hom(A(^), V) = 0, we now deduce that V = E'/M' © E"jM". 
As V is indecomposable, we may assume that E'/M' = 0. Then some projection 
TTs lifts to a homomorphism E —> A(/r), which shows that this TTg is in the image 
of X, and hence in the kernel of ip, which is a contradiction. 

Now let k = R. Note that V and E are free as R-modules since so are all 
A(z^)ij’s. If Er is decomposable, then so is Er © K, so it suffices to prove 
that Er © 77 is indecomposable. In view of Corollary 14.151 the R^^i^-module 
Ext^(VR, A(/r)/{) ©/{ K = Ext^(I/R ©r K,A{pl)k) is minimally generated by 
^i,R ® IrT) • • • ■,ir,R ® Ir:- It follows, using Lemma 14.21 that Er ©^j K = Ek, 
where Ek is constructed using the universal extension procedure starting with 
the indecomposable module Vk '■= Vr ©r K as in the first part of the proof 
of the lemma. By the field case established in the previous paragraph, Ek is 
indecomposable. □ 

Let A € KP(a). Eor k € {R, K, E}, we construct a module Q{X)k starting with 
A(A)fc, and repeatedly applying the universal extension procedure. To simplify 
notation we drop some of the indices k if this does not lead to a confusion. Given 
Laurent polynomials ro{q),ri{q),... ,rm{q) € Z[g,with non-negative coeffi¬ 
cients and Kostant partitions A*^, A^,..., A"* € KP(a), we will use the notation 

P = ro(g)A(AO) I ri(g)A(Ai) | • • • | r^(g)A(A™) 

to indicate that the Tfa-module V has a filtration V = Vq ^ Vi D ■ ■ ■ D Pn+i = 
(0) such that Vs/Vg+i = rs{q)A{\^) for s = 0,1... , m. 

If Ext^^ (A(A), A(//)) = 0 for all fi € KP(a), we set Q{\)k '■= A(A)fc. Other¬ 
wise, let A^’^ € KP(a) be minimal with Ext}^^(A(A), A(A^’*^)) / 0. Note that this 
AIA might indeed depend on the ground ring k, hence the notation. Also notice 
A^’^ > A. Let £'(A, A^’^)fc := £'(A(A), A(A^’^)), see Lemma 14.241 By construction 
E(A,A^’^)fc = A(A) I rgfc(g)A(A^’^), where 

ri,k{q) = rankq Ext];^^ (A(A), A(A^’^)) 
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as a i?;^l,fe-module. This rank might depend on fc, hence the notation. If 

Ex 4 ji?(A,Ai’"),A(^)) = 0 

for all /i G KP(q;), we set Q{X)k ■= E'(A, A^’*^)fc. Otherwise, let A^’^ G KP(a) be 
minimal with Ext}^^(E(A, A^’^), A(A^’^)) 7 ^ 0. Note that A^’^ > A and A^’*^ 7 ^ 

Let E(A, A^’^, A^’^)fc := E(E(A, A^’*^), A(A^’^)). By construction 

E(A, A'’^ A^’"), = A(A) I 7^A(A'’'=) | ^^A(A2’^), 

where 

L 2 ,fc(g) = rankg Ext];^^ (E(A, A^’^), A(A^’^)) 
as a i?_)y 2 .fc-module. If Ext\j^{E{X, X^’^, A^’^), A(/i)) = 0 for all // G KP(a), we set 
Q(A)fc:=E(A,Al’^A 2 A). 

Since on each step we will have to pick A*’^ > A, which does not belong to 
{A, A^’^,..., A*“^’^}, the process will stop after finitely many steps, and we will 
obtain a module 

E(A, Al’^ ..., X^>^’’^)k = A(A) I ;^A(A'’'^) | • • • | 
where 

=rank, Ext},^ JE(A, A^^^... ^ a(A*A),) (4.25) 

as a ^-module for all 1 < t < ruk, and such that 

Ex 4 ^_^(E(A, AA^ ..., X^'^’’^)k, A(/i)fc) = 0 
for all n G KP(a). We set Q{X)k := E{X, A^^,..., A™'=A)^. 

Theorem 4.26. Let a G Q~^ and X G KP(a). 

(i) For k = K or F, we have Q{X)k — P{X)k- 

(ii) For k = K or F, the rank rt^kig) from (i4-25\ ) equals the decomposition 
number df^^ f. ^ for all 1 < t < mk, and d^ ^ = 0 for p, 0 {A*A | I < t < 

mfc}. 

(hi) mR = mx; setting m := m^, we may choose A^’^ = A^’^,..., A™’-^ = 
Am,A then rt^R{q) = rt^xiQ) for all 1 < t < m. 

{iv) QiX)R0RK^P{X)K. 

Proof. Part (i) follows from the construction and Lemma 14.181 Part (ii) follows 
from part (i), the construction, and Theorem 12. 8 l v). 

To show (iii) and (iv), we prove by induction on t = 0,1,... that we can choose 
Xt,R = n,R{q) = rt,K{q) and 

E{X, A^’^,..., X^’^)r 0rK^ E{X, A^’^, ..., X*’^)k. (4.27) 

The induction base is simply the statement A(A)i? ( 8 )_r K = A{X)k- Eor the 
induction step, assume that t > 0 and the claim has been proved for all s < t. 
Let fi^R ,..., f,r,R be a minimal set of generators of the ^-module 

Ex 4 ^^^(E(A, AL^, ..., A*-L^)^, A(A*’^),^), 
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SO that rt^R{q) = deg(^i^ij) + • • • + deg{^r,R) is the rank of that module. Using 
Corollary 14.151 and the Universal Coefficient Theorem, we deduce that can 
be chosen to be and the B^t,R ^^-module 

Ext^(A(A)ij, A(A*’^)i?) (8)ij K = Ext^(yR ^Sir K, A{X^’^)k) 

is mini mally generated by C) 1 ^,... ,^r,R Ik, so that n^Riq) = n,R{^)- 
Finally (I4.27P comes from Lemma 14.21 □ 

In view of Theorem 14.261 11. Q{\)r in general is not an i?-form of Q{X)f — 
P{X)f. For every A E KP(a), define the L^Q^F-module A(A) := Q{X)r ( 8 ) F. 

Theorem 4.28. James’ Conjecture has positive solution for a if and only if one 
of the following equivalent conditions holds: 

(i) A(A) is projective; 

(ii) A(A) ^ P{X)f for all X E KP(a); 

(hi) Ext)^^ ^(A(A), A(^)ir) = 0 for all A,/r E KP(a); 

(iv) ^{Q{X)ji, A{p,)r) is torsion-free for all A,/r E KP(a). 

Proof, (i) and (ii) are equivalent by an argument involving formal characters and 
Lemma [4.81 Furthermore, (i) and (hi) are equivalent by Lemma [4.181 Since since 
Ext}^^ ^(Q(A)ij, A(/i)/j) = 0 for all /x, (hi) is equivalent to (vi) by the Universal 
Coefficient Theorem. Finally, we prove that (ii) is equivalent to James’ Conjecture 
having positive solution. If A(A) = P{X)f for all A, then they have the same 
graded dimension, so the i?-modules Q{X)ji and P{X)r have the same graded 
i?-rank, whence the iL-modules P{X)k — Q{X)r®rK and P{X)ri^rK have the 
same graded dimension, therefore P{X)ri^rK = P{X)k for all A, see Lemma 
whence James’ Conjecture has positive solution. 

Conversely, assume James’ Conjecture has positive solution. This means that 
d^^ = dj^^ for all /U, A E KP(a). By Theorem 14.261 111. on every step of our 
universal extension process, we are going to have the same rank of the Ext^-group 
over K and F, so, by Theorem I4.26l iii). on every step of our universal extension 
process, we are also going to have the same rank of the appropriate Ext^-groups 
over R and F. Now, use Lemma 14.21 as in the proof of Theorem 14.26l iv) to show 
that Q{X)r iSir F = P{X)f. d 

Remark 4.29. We conjecture that P{X)f has an A-filtration with the top quo¬ 
tient A(A) and A(/i) appearing afj_^x{q) times. On the level of Grothendieck 
groups, this is true thanks to Lemma 14.81 But it seems not so obvious even that 
A (A) is a quotient of P{X)f. 
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